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Abstract. For a given PDE system (or an exterior differential system) pos- 
sessing a Lie group of internal symmetries the orbit reduction procedure is 
introduced. It is proved tliat tiie solutions of the reduced exterior differen- 
tial system are in one-to-one correspondence with the moduli space of regular 
solutions of the original system. 

The isomorphism between the local characteristic cohomology of the re- 
duced unconstrained jet space and the Lie algebra cohomology of the symmetry 
group is established. 

The group-invariant Euler-Lagrange equations of an invariant variational 
problem are described as a composition of the Euler-Lagrange operators on 
the reduced jet space and certain other differential operators on the reduced 
jet space. The practical algorithm of computing these operators is given. 
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1. Introduction. 

In this paper we introduce and begin to study the orbit reduction of exterior 
differential systems. 

Recall, that an exterior differential system |5j is a pair (M, I) where M is a 
manifold, and I <Z /\ T*M is a graded differentially closed ideal. It is a geometrical 
generalization of partial differential equations (in this ease M is a submanifold of the 
jet space and X is the contact ideal). The category of exterior differential systems 
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is bigger then the category of partial differential equations. It can be shown |^ 
that the category of partial differential equations is not closed under the operation 
of the orbit reduction (to be desribed below). This gives yet another reason for 
considering exterior differential systems . 

Let £ = (A,T) be a system of partial differential equations , or more generally, 
an exterior differential system, invariant under the action of a group G of internal 
symmetries . The action of G on £^ induces a G-action on the space Sol(£) of the 
solutions off. Let E^^^ = (A^''^^^'')) be the r-th order prolongation of £. The orbit 
space A*^'')/G possesses the structure of an exterior differential system induced by 
the structure of S'^'^\ 

It turns out (see Theorem ||) that for high enough order r of prolongation the 
solutions of the reduced system are in one-to-one correspondence with the moduli 
space Sol(£)/G of almost all solutions of the original system. This motivates the 
studying of a group-invariant PDE system through the study of its reduced exterior 
differential system. 

All the results of the present paper are proved for the case of finite-dimensional 
Lie group actions. However we believe that the same results remain valid for the 
case of real-analytic actions of infinite-dimensional groups. The infinite-dimensional 
group action version of Theorem ^, also suggests a new approach of studying moduli 
spaces of any locally defined geometrical objects. This will be addressed in some 
other paper. 

The other important reason for studying the orbit reduction is the inverse prob- 
lem of reduction. By inverse reduction we mean the following. Given a certain 
system of nonlinear PDEs one may ask a question whether it is an orbit reduction 
of a different system of PDEs that has a simpler structure. The questions about 
the solutions of the original system translate into questions about the solutions of 
the "simpler" system. For example it would be interesting to identify the class of 
PDEs which are the orbit reduction of an unconstrained jet space. In this case 
knowing the inverse reduction gives the general solution of the original equations. 

As the very first step towards the understanding the inverse reduction, we estab- 
lish the isomorphism between the local characteristic cohomology of the reduced 
jet space and the Lie algebra cohomology of a Lie group of contact transformations 
acting on the jet space (see Theorem]^ in this paper). This in particular, implies 
that in order to realize a PDE system having an infinite-dimensional characteristic 
cohomology as an orbit reduction of a jet space one needs to consider actions of 
infinite-dimensional groups. 

The other purpose of the present paper is to understand the group-invariant 
variational problems via the orbit reduction. As first observed by Sophus Lie pT| , 
the Euler-Lagrange equations of every invariant variational problem can be written 
in terms of the differential invariants of the group action. In other words, the Euler- 
Lagrange equations of a group-invariant variational problem can be pushed forward 
to the orbit space. Surprisingly, up to date there was no general understanding of 
the meaning of the pushed forward equations on the orbit space, nor there was a 
general algorithm of producing the group-invariant Euler-Lagrange equations. 

The reduced jet space has its own calculus of variations ( for example Euler- 
Lagrange operators ), that can be interpreted as a calculus of variations with con- 
strains imposed by the syzygies of the differential invariants. It is well-understood 



^See Example 2.5 in this paper. 
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that all the basic ingredients of such calculus of variations come from the edge 
complex of the corresponding Vinogradov spectral sequence We show (see 

Theorem ^ below ) that for every invariant variational problem the push-forward 
of the invariant Euler-Lagrange equations onto the orbit space is a composition of 
the Euler-Lagrange operators on the reduced jet space and certain other differential 
operators. These other differential operators come from the morphism of the two 
Vinogradov spectral sequences of the original and the reduced jet spaces. We also 
give an explicit algorithm for computing these differential operators. 

Here we would like to note that an alternative approach based on the Cartan's 
moving frame method is used by I. Kogan, and P. Olver for computing invariant 
Euler-Lagrange equations. 

2. Reduced Exterior Differential Systems 

2.1. Preliminaries: EDS and PDEs. All the geometrical objects considered in 
this paper are of class C°° unless stated otherwise. All the considered manifolds 
are paracompact. 

Let X = Ux^M^x be a collection of homogeneou^ ideals 

in the graded exterior algebra /\T*M. We shall say that a differential form uj € 
f]"(Af) is a section of T ( w G r(J) ) if for every x G M, ui{x) G X". The sections 
of X form a differential ideal if dr{X) C r(X). We shall assume that r(J) does 
not contain any functions except zero. 

Definition 2.1. We shall say that £ = {M,X) is an Exterior Differential System ( 
or EDS for short) if the space of sections of X is a differential ideal, and there exists 
a closed subset X C M of zero measure, such that for every connected component 
U C (M \ X) X\u = UxeiJ^x is a subbundle of f\ T*U . 

In practice it is convenient to define X by the generators of r(Z). Wc shall say 
that r(X) is generated by the forms loi, ..,lun (the notation is X =< uJi, ..^10^1 >) if 
for every lo G r(X) there exist forms ai,/3i G r2(M) such that 

Definition 2.2. A k- dimensional solution of £ ~ {M,X) is a connected k- dimensional 
submanifold S ^ M, such that the pullback ofT{X) to S is zero. 

Example 2.1. Jet spaces. Let be a manifold. Consider the r-th order jet 
space JI.N — > A^ of fc-dimensional submanifolds together with the standard contact 
ideal C^''^ C /\T*JJ:N (see for example For every fc-dimensional submanifold 

S ^ N there is a natural lift fis : S ^ JJIN such that 9 G r(C('')) if and only if 
the pullback of 6 by j^is is zero for every fc-dimensional submanifold S. The lifts 
fS = fisiS) are the solutions of the EDS ( J^A^, C*'")). 



By saying that the ideal Ix is homogeneous we mean that in the homogeneous-degree de- 
composition uJx = + .. -t-ii)^""'*^' oi E Ix every homogeneous element ui" G A" T*M belongs 
to the ideal. 
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Example 2.2. PDE systems. Let A ^ JJ^N be a subbundle of the jet space 
J^N. This subbundle can be thought of as a system of partial differential equations, 
whose solutions are fc-dimensional submanifolds S ^ N such that j'^S C A . The 
lifts j^S of the solutions of A are the solutions of the EDS £ — (A, l*C^^^). 

Note that since the contact ideals on the jet spaces are always generated by one- 
forms, not every EDS is described by the last example. However the prolongation 
(s) of every EDS is a first-order PDE system. 

Recall that a (fc-dimensional) prolongation |^ of £ = (M,!) is an EDS 8^^^ = 
(M^^\2|.^''), where M^^-* is a set of all k-dimensional planes in TM annihilating the 
ideal T: 

m[^^ ^{{P,z)\ ze M, P C T^M, dim(P) ^ k, and l,^\p = Q} ^ JIM, 

We shall always assume that Tfi : M^^^ M is a smooth fiber bundle. Sometimes 
it will mean that we remove some closed subset from M^j^^ to make it smooth. 

For every fc-dimensional solution S ^ M its lift j^S ^ is a submanifold 

of M^p, and is a solution of the prolonged EDS s'^jP . Conversely, given a solution 
S'l ^ -^^fc^' of the prolonged EDS the natural projection 7r^(S'i) C M is a solution 
of the original EDS. However this projection may "lose" some of its dimension, and 
may happen not to be a smooth manifold anymore. 

Example 2.3. The prolongation of {JIN,C^''^) is ( Jfc+^ A^, C^'^+i)) 



Example 2.4. Prolongation of PDE systems. Consider the Example 2.2. De- 
note by tt"^ : JI.N — > N the natural projection. For each small enough open 
neighborhood U C JI.N we may introduce local coordinates a;^, .., a;*^, m^, .., in 
tt'^(U) ~ (this actually means that we artificially impose a structure of a fiber 

bundle 7r^([/) — > R*^). This choice of the coordinates on the base N induces the 
canonical jet coordinates (see for example ^) (x*, u", Uj) (here J = {Ji, .., J\j\) 
is a multiindex of length | J| < r ). The contact ideal C^''^ is generated by the fol- 
lowing 1-forms: 

(1) {e-} = duj - u%dx%j\^. 

Any subbundle A ^ JJ^N can be represented as a zero level set of functions A^, € 
C°°{JIN). Denote by -£c ■ C°°(J^A^) C°°{Jl'^'^N) the total derivatives w.r.t. 
x\ The PDE system 

AW^='{A. = 0, Aa, = 0}4 J^^iV 
is called a prolongation of A (see for example jl^, [l^). 

Lemma 2.3. Let A ^ subbundle of JJIN — > N , then the prolongation 

of f = (A,i*CM) ts Sl^^ = iA^^\i'*C^'^+^^). 

The proof of this lemma is analogous to the proof for the case r = 1, given in [|j 
(Example 6.3, pages 153-154). 

The prolongation of an EDS can be iterated thus giving a prolongation tower 

M ^m\^^ ' 
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where Mjf^' = lim^-^oo Ml^' is the inverse hmit. The last lerama furnishes the 
foUowing 

Corollary 2.4. Every prolongation tower of an EDS £ — (M, T) can he viewed as 
a prolongation tower of a first-order PDE system ^ ^k^^- ^""^ particular, we 

have the natural emheddings ir : m'^^ ^ ^k-^^' smc/i that i*C^^'^ — ■ 

2.2. The reduced EDS.. Let G be some pseudogroup of local diffeomorphisms 
acting on a manifold M. We shall say that an EDS £ — {M,X) is ^-invariant if 
for every x & M , and g £ G 

(2) g Xgx — -^x 

Remark 2.5. If £ = (A,t*C('')) as in Examp le \2.^ then the symmetry group G is 
usually called a group of internal symmetries [[17|, [3[ . 

We shall always assume that the orbit space M =^ M/G is again a differentiable 
manifold (in what follows we shall always denote the orbit spaces by barred sym- 
bols) . The local coordinates on M may be identified with the G- invariant functions 

on M. The local coordinates on Mj, are usually called the differential invariants 
of order r of the G-action. 

Proposition 2.6. Let £ = {M,I) be a G -invariant exterior differential system, 
then there exists an exterior differential system £ = [M,T), such that T is the 
maximal ideal satisfying 

(3) p%(,) C Vx e M, 
where p : A/ — * M — MjG is the natural projection . 

Definition 2.7. We shall call I = (M,I) the reduced EDS. 

We will use in the proof the following simple fact 

Lemma 2.8. Let £ — > B be a vector bundle over a manifold B, and £i C £, 
(i ~ 1,2) be two subbundles of £ . Then there exists a closed subset X C B of zero 
measure such that for every connected component U (1 {B \ X), £i H £2 — > U is 
a subbundle of £ — >U . 

Proof of Proposition |2.6| . For every x & M define 'Ip(x) ^ A^p^)-^ ^ the 
preimage of 

(4) Jx^^IxCMrapl 

under pl : ^T;^^^M ^T*M . 

Let us show that this definition does not depend on the choice of a particular 
X € p~-'^(p(a;)). Assume p(xi) = p(a;), then there exists a local diffcomorphism 
g € G, such that gxi — x, and g*l^x ~ T-xx- Since p((7(xi)) ~ p(a;i), 

therefore Vl^^'^ix) C .g*!^ = and X is well-defined. 

It is straightforward to check that r(X) is a differential ideal in ri(M). To show that 
X is a subbundle oi l\T*M over each connected component of the complement to a 
closed subset of zero measure, consider J = \Jx^mJx (where Jx is defined in (^). 
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By lemma (2.8), J is again a subbundle outside a closed subset X\ C M of zero 
measure . Moreover X\ is ^/-invariant. The latter implies that X p(^i) also has 
Borel measure zero. Therefore I is a subbundle over each connected component of 
M \ X, where X is a closed subset of zero measure. □ 

Example 2.5. Consider the action of the abelian group G = on itself (M = 
R^) by translations. Define £ = (R^, < >). The two-dimensional (fc = 2) r-th 
prolongation of £ is the jet space of two-dimensional submanifolds: 

£i'^^ = (J2^R3,cW). 



In order to coordinatize the orbit spaces J2^^, we introduce the coordinates {x^, x'^,u) 
in R'^ as well as the standard jet coordinates uj in the fibers of JjR'^ (here J is a 
multiindex ). Note that in fact we restricted our attention to the coordinate chart 
Ur C JjM^ that has a complement of zero Borel measure in JjR^. The orbit space 
Ur = Ur/M.'^ is a Euchdean space with coordinates (uj)i<|j|<r. 
Denote by 

(5) f = u,, i-1,2 



the coordinates on the orbit space Jj^-'R-^ ~ RP^. It is obvious that the reduced 
ideal C(i) is trivial, thus 

= (i?P^< >). 

The contact ideal on J|R'^ is generated by the three R'^-invariant 1-forms 

(6) rj^ = du — u\dx^ — U2dx^, 

(7) 77^ — dui — uiidx^ — ui2dx^ , 

(8) 77'^ = du2 — Ui2dx^ — U22dx'^ . 



Let us introduce the coordinates on the fiber of J|R3 — > J\M?: 

(9) = Uii, = 1*22, = U12. 



Direct calculations show that the reduced ideal C(^) C [\T* has no 1-form 
component, however it does have a nontrivial 2-form component, generated by the 
2-forms (I'i,(I'2 G ^^(7^), 

= [y^dy' - v^dy^) A dv^ + {v^dy"^ - v^dy^) A dv^ = 

= {U11U22 - u\2)drf + (u22?7^ - '«12'7^) A dun + {uiiif - Mi2?7^) A dui2. 



UJ2 



= [v'^dy^ ~ v^dy^) A dv^ + {v^dy^ - v^dy^) A dv^ = 



22 



— {uiiU22 — Ui2)dri + {u22ri - ui2-q ) A dui2 + {uiirj — ui2ri ) A du 
(in fact C(^) is generated by its 2-form component). Therefore 

(RP^ xR^<^I.l,W2 >). 

The last example shows that although the original EDS is generated by 1-forms, 
the reduced EDS does not necessarily have the same property. In particular, it may 
not be a prolongation of anything. This raises the natural question of whether the 
reduction procedure commutes with the prolongation. We address this question in 
Theorem ^ below. 
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Definition 2.9. We shall say that an EDS £ is of infinite type if for every ?' > 1 
Mj, — > Afj, is a differentiable fiber bundle, and dim 

Consider a Lie group G, acting on M, and G-invariant EDS £ — {M,T). The 
action of G on M prolongs to the action on It is well-known |l^ that 

\i £ ~ {M,X) is an infinite-type EDS and the action is effective on open subsets 
then the G-action is locally free (i.e. the stabilizers are discrete) almost everywhere 

(r) 

on for big enough r. The author is not aware of any example when the 

action does not eventually become free on high enough prolongation. Moreover, in 
the real-analytic category there are strong indications that every effective action 
becomes free on high enough prolongation Throughout this paper we shall 
adopt the following hypothesis: 

The Main Assumptions. 

1. G is a Lie group, and the considered EDS £ is of infinite type. 

(r ) 

2. There exists an integer r^, and a closed subset X C Mf. of zero Borel 
measure such that the action of G is free on M^^" \ X. 

3. The quotient space M^'^ = (M^ \X)/G is a differentiable manifold. 

Theorem 1. Assume that the main assumptions hold. Then there exist an integer 
To > such that for every r > ro the procedure of reduction of ■* commutes with 
the procedure of prolongation, i.e. 



(10) - 4'^'' 

It will be shown below (see the proof in the section ^ ) that < max(rs , ret) -I- 2, 
where r^ is the order of prolongation at which a closed horizontal G-invariant 



coframe appears (see Lemma 3.1 below) 



2.3. Moduli space of solutions and the reduced EDS. Let G be a Lie group 
acting on M. Let £ — {M,I) be a G-invariant EDS of infinite type. Denote by 
So\k{£) the space of fc-dimensional solutions of £. We shall say that a solution 
Sr G Solk{£j[^) is regular (the notation is Sr £ Sol™^(f^'^\ G) ) if Sr is transversal 

(r) 

to the orbits of the G-action on (clearly then the lifts of Sr to the higher 

prolongations are also regular ). 

For every r > 0, and every solution Sr G So\k{£j^^) we may consider the projec- 
tion Sr — p{Sr) C Af^.'^'' of S onto the orbit space. If the solution Sr is regular then 

- (r) 

Sr is a /c-dimensional submanifold, and is a solution of the reduced EDS £1. . It 
turns out that on " high enough" prolongation we can also lift a solution of £1. to 
a regular solution of 5^.'^^ . 

Theorem 2. There exists > (same as in Theorem such that for every 
r > ro the moduli space of regular solutions of the prolonged EDS is isomorphic to 
the solutions of the reduced EDS: 

soir(4^\G) 



^ ^oh£^k ^ 



The proof is given in section |^. 
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2.4. Characteristic cohomology of the reduced jet spaces. Let a Lie group 
G act on a manifold M. Assume that the main assumptions hold with regard to the 

trivial EDS £ = (Af , < >). By virtue of Theorem |l| we may regard {jI°°^M, C(°°)) 

as an infinite prolongation of Eq = ( J^'°''m, C('°)). 

The fact that Sq is a reduction of an unconstrained jet space allows us to know 
everything about the solutions of £q, since every solution of So is an image of a 

solution of (Jfc°M,C(''°)) under the mapping p : J[°M j][°''M. Therefore it 
is important to investigate the conditions under which a given EDS can be a 
reduction of an unconstrained jet space. 

It turns out that the local characteristic cohomology of the reduced EDS £q is 
isomorphic to the Lie algebra cohomology of the Lie group G. 

Denote by 7fJ?° : J^M — > Jl^I the natural projection. 

Theorem 3. For every open subset U C J^M , such that Tr!^U is contractible for 
every r > rg, the characteristic cohomology of So over U is isomorphic to the Lie 
algebra cohomology of G in dimensions less than k: 

(11) H\Q^oriU),do)^H'{3) yt<k, 

where n{^,{U) = fi*(f/)/r(C(°°)), do is the horizontal differential induced on the 
horizontal forms Ql^^j.{U), and H^{g) is the Lie algebra cohomology of the Lie 
group G. 

The proof as well as the practical algorithm of computing the basis of nontrivial 
conservation laws of So is given in section |^ . 

2.5. Invariant variational problems. Consider an unconstrained infinite jet 
space J^M of fc-dimensional submanifolds of a manifold M. Denote by {Ep* , dp*) 
the Vinogradov spectral sequence corresponding to the decreasing filtration 

Ts^{J^M) = n{J^M) n A"T(C(°°'). 

It is well-known ||l^, || that the k-dimensional variational problems on M can be 
identified with the space 

E^''' = n'^iJ^M)/ (r(c(°°)) + dn^-^{j^M)^ , 

and the Euler -Lagrange operator is d^''' : Ei'^ — > E\'^ ^ where the quotient 

is a free module over the ring of functions on the infinite jet J^M. 

For a given A G ^1''{JJ1M) one may consider the Euler-Lagrange system 
EL(A) ^ Jk^M defined as the zero locus of d°''^[A]i (we denote by [A]i the equiv- 
alence class in E'-^^'). If {x'',u",Uj) are the standard jet coordinates in some open 
neighborhood of J^M, dx = dx'^ A ■ ■ ■ ^ dx'' , and A = Ldx + r(C(°°)) is the 
variational problem then the Euler-Lagrange system has the form 

(12) EL(A) = {£;„(£) = 0, a^\,..,q = cYim.M -k}, where 

|/|=0 I 
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(13) dA = y £;„(i)r Adx + dT{C^°^^) + ^^T{C^°°^), 



a = l 



and the forms [6*" A dx\i give the basis in £^^''^. 

(Here are the total derivatives w.r.t. multiindex /.) 

Let a Lie group G act on the manifold M. Since the G-action on il{J^AI) 
preserves the contact ideal, it induces the action on E'j''*. 

Definition 2.10. We shall say that X G n'^{J^M) represents an invariant varia- 
tional problem if [A]i is G -invariant. 

It can be shown ( see Lemma 3J_ in section ^) that for every invariant variational 
problem [A]i there exists a differential form A = Ldy^ A • • • A dy'' £ fl''{J^M) such 
that [A]i — [p*A]i . The form A in its turn defines a variational problem on Jl°M 
(that is a class in E^''' of the Vinogradov spectral sequence of J^M). Therefore 
it is desirable to understand EL(A) in terms of the calculus of variations on the 
reduced jet space J^M. 



It is well-known |15|, ^ that in every small neighborhood of Jj^M there exist 
functions {y^, .., y'^, v^, .., v^) such that any other differential invariant is a function 

of the y*, and the total derivatives 

"■ ^ -w 

of u° w.r.t. (see Lemma 4.1 in scction|4|). Moreover as a consequence of Theorem 
|l] we have 

(jfM,C(°°)) = (Jpf,C('-°))^°°' = (A(°°),C(°°)), 

where A(°°) ^ J~]R'=+9 is an infinite prolongation of a certain PDE system 
A '-^ jJ^M.^^^ (see section ^ for more details). 

In local coordinates the Euler-Lagrange equations on 

may be written in the same fashion as on the unconstrained jet space J^R'^+^. 
More precisely, given a variational problem 

A = Ldy^ A • • • A dy*^ e 

one can find_a function Li{y\v'}) G C°°{J^R''+^) such that its restriction to A(°°) 
is equal to L {l*^Li — L), then 

q 

(14) d\ = J2 EaiLW /\dy + dT{C^^)) + h^T{C^^y), 

a=l 

where 9°' dv"^ — v^dy^, dy ~ dy^ A ■ • • A dy'', and the expression staying in the 
place of the Euler-Lagrange operator is defined as 

and depends on the particular choice of the function Li ^ 

^This happens because _eJ'* is not necessary a free module over the ring of functions on the 
reduced jet space J^M. 
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Theorem 4. Suppose that the main assumptions hold with regard to the trivial 
EDS (M, < >). Then there exist total differential operators on the reduced jet 
space Al : C°°(jfM) —> C°°{jfM), 

d\i\ 

o<|-f|<i-o-i " 



( here A'^ G C^{J^M\ a = 1, = dimAf — fc, a = 1, j such that every 
invariant variational problem [A]i = [p*Ldy^ A • • • A rfy*^]! has its Euler- Lagrange 
system as 

(16) EL(A)=p-i|^|^^i^K(£) = 0, a-l,..,g|^, 

where Ea are the Euler- Lagrange operators ( |J^ on the reduced jet space. 

Remark 2.11. Despite the fact that the Euler-Lagrange expressions defined in the 
formula ( |l5| ) depend on the choice of the Lagrangian Li the expression J2l=i ^a^aiL) 
does not depend on this freedom. 

The proof as well as the practical algorithm of computing the operators A° is 
given in section ^ 

3. Invariant contact forms. 
Let £ = {M,X) be a G-invariant EDS of infinite type. Denote by sj."^'' = 

(M^°°\l'^°°-*) its infinite prolongation, and by p : Aljf^ — > m'^^ denote the natural 
projection onto the orbit space. 

Lemma 3.1. There exist ^cf > , and differential invariants of the G-acton 

e C°°{m\[°'^) such that {p* dy^ , dy''} form a basis 

of 17i(M^°°Vr(4°°^). o.nd 17*(M^°°Vr(4°°^) *s isomorphic to 
A*Span{p*d2/\..,p*d2/'=} as a C°°{mI°"^) -module. 

The proof is completely analogous to the proof of the same fact |l^ about the 
unconstrained jet spaces (A/, < >)^'^'' = (J^M, C^''') and therefore omitted. 
Choosing the differential invariants allows us to introduce the total differential 

operators ^ : C°°{Mjf'>) C°°(Af^''+^^) (here r > rcf) in the following way. 

Denote by []o : n^M^''^) 17i(A/*;°°Vr(4°°') the natural projection to the 
quotient. Then these operators are defined by the equality 

.dF^ 



[p*dF]o - J2ip*^)[p*df]o , F e C~(m('-') 

i=i y 



It is easy to show that the functions e C°°(a4°°0 actually belong to C°°(M^''+^). 
Note also that the operators -£-r commute with each other. 

Lemma 3.2. Let {Mj^^\2j^^) be the prolongation of an Exterior Differential Sys- 
tem £ — (A/, X). Assume that n : Mj.^"^ — > M is a surjection. Then at every point 
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z G m'^^ the 1-form component X^^^^ = r\T*Alj^^^ of the prolonged ideal lies in 
the pullback of T* M by tt; 

(17) C^*(T;(,)M), and 

(18) dim(l(i)i) = dimM - k 

Proof. Let us introduce local coordinates x^, .., a;'^, u^, .., in some open neighbor- 
hood of Af , and the standard jet coordinates uf in the fibers of JlM. The ideal 
jI^'' = L*C'^^'> on Mj^^'' > J^M is generated by the forms 

6»" = i*(dM" - ufdx'), a = l,..,q^ dimM - k. 



This proves (y_7|). To see that the forms 6*" are linearly independent observe that the 
forms L*du^, .., L*du'^, L*dx^, .., L*dx'' are linearly independent due to the surjectivity 

of TT. □ 

Corollary 3.3. For every r > ret, a G n^{Ml''~^^), and (3 e rj2(Af^''"^^) 

A; 
i=l 

(19) (7r;_i)*/3 = ^r Ar,+ ^ /,,,,p*(dy'i A dy'^), 

where 9,9" £ r(X^" ^ ^^H^i"^). e f^H^-^i"^). /»i»2 S C°°(Mf ^). 

Since the action of G on the fiber bundle <— is projectible, there 

is a surjection 7fJ!_2 defined by the following commutative diagram 



M^' M 



k 



Lemma 3.4. Assume thatr > rd+l. In an open neighborhood of introduce 
local coordinates y^, .., y*^, w^, .., w'"^ (here the functions are taken from Lemma 



3.1). Then the 1-form component ofjj^^ is generated by the forms 



(20) 9" = dv'' -v'}dy\ a= l,..,g^ = dimMf -fc, 



where vf — G C°°(m'^^), and the dimension of this 1-form component is equal 
to (jr — dim A/^"^ — fc. 

Proof. Due to the definition of the operators the forms ( po| ) belong to the 



reduced ideal. Lemma |3.2| implies that any form 9 G r2^(Ar^'^-') that has nonzero 

projection into the quotient Q^{Mj[^)/{Trl._i)*i}^{Mj[~^^) may not belong to the 
reduced ideal, thus the forms (|2^) exhausts the list of the generators. These forms 
are linearly independent because of the surjectivity of TfJ!.]^. □ 
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Lemma 3.5. Assume that a Lie Group G acts freely on a manifold B , and has a 
projectible action on a vector bundle E — > B. Then every point on the base has an 
open neighborhood U C B having a basis of G -invariant sections in T(E\if). 

Proof. For a given point on the base B choose a smaU neighborhood U C B, 
such that there exists a right moving frame Q] p : J7 — > G (i.e. p{gx) = 
p{x)g~^ \f{x,g) G C/ X G). Denote by I{x) — p{x)x the invariantization map 
(7|. Its image L = I{U) is a submanifold of U, transversal to the orbits of the 
G-action on B. We may assume that the restriction vector bundle E\i^ — > L is 
trivial. Consider a basis of sections si, .., si G T{E\i^) (I = dim{Ex)) over L. Then 
it is easy to show that the sections 

Si{x) = p{xy'^St{p{x)x), i = 1, ..,diin{Ex), x€U, 

are G-invariant and constitute a basis in T{E\ij) □ 



Let p : Mj^ ' — > Mj^ ' denote the natural projection onto the orbit space. Denote 
by Q^{Mjf^)'^ the space of G-invariant differential 1-forms on 

Applying the Lemma ^.5| to the first-degree component of the prolonged ideal 
gives the following corollary. 

Proposition 3.6. Suppose that the main assumptions hold. 

Denote = max(rs,rcf) -|- 1. Then every point z G m'^'^^ \ [T:r1)^^X has an open 
neighborhood U C ^ , and the G-invariant contact forms 

(21) r7\r?2..,r?'i™«Gf^i(C/)«nr(x('^'')), 
such that 

Span{r;i,r?2, ..,ry<i'-«} ^ ^\Uf/p*^l\p{U)). 
Proof. Apply Lemma [sj to the subbundle X^''"^ n T*mI[''\ Then over a certain 

(r ) 1 

neighborhood U C M^, we have a G-invariant basis of contact forms C , ••, C'^'' £ 
n^{U)^ n r(x[,''"^) , where Qr^ = dimM^''""^^ - k (see 
Lemma |3.2| ) . Since G acts freely on 7r^''_i(?/), the difference between the di- 

(r ) (r ) 

mansions of the 1-form component of , and the 1-form component of is 
equal to the dimension of G: 



dim(X^'^"V - dim(l{.''''V = ffr^ " Qr„ = dimAf^''" - dim Mjj''' dimG 



(here we used Lemma 3.4 ). Therefore the projection of Span{C^, into the 

quotient Q^{U)'^ / p*f2^(p([/)) is surjective. Thus we can find the forms (pT| ) as a 

(r ) 

linear combination of the forms (^^ with the lifts of some functions on il/^, . □ 

Corollary 3.7. For every r > rn, and z G Af^''"^ \ (7r^r)"^X each 
z' G (tt^ ) ^{z) has an open neighborhood U' C {t:^^)^^{U) C Mj,^\ and contact 
forms on the orbit space 
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such that the forms p*0°, and (ttJ!^^)*//^ generate T(T^-^^)'^ , i.e. every G-invariant 

differential form lo £ r{xj[^) n (r2"(C/'))'^ satisfies 

(22) 



dimG 

i—1 a—1 

where the differential forms a^,-/a £ ft, (5a e (f7"-2([/'))G 

Moreover, if r > r,,, i/ien 

dim G gr 

(23) = E ^ + E P*^" ^ 

w/iere i = 1, ..,dimG, a],Ca £ ^^^C^^^^)^- 



Proof. The forms 6''^ are obtained by applying Lemma pTs] to the subbundle Tj^"^^ — 

(r) (r) / \ ■ 

2^ Pi 2^*^^^ ' ^ gj^([ using the forms (ttJ^^^)*?;' to project the G-nvariant basis of 

T{ll''^^) to p*{n'^{Mjf^)) thus getting the forms on the orbit space. The formula 
( p2[ ) holds because (r(T^''''))'^ is generated by its 1-form component. 
If r > , we can use formula (|9|) , and write 

a l<ii<i2<k 

Taking into account that the right-hand side of the last equation belongs to the 
ideal r(4''^), and using Lemma |3.l| we conclude that fi-^i^ = 0. Rewriting 0" as 
linear combination of (7r^^)*rf , and O"' gives the formula (|23|). □ 

Example 3.1. Consider the example Here rs ~ r^ = 1, thus r,, — 2. The 
generators (|^) of the contact ideal C*-''-' are already invariant. However none of them 

lives on the orbit space. The forms ry^ , ry^ , rj'^ are defined in (|)-(|). Consider iV/f ^ = 
J|IR3 with the coordinates (?/\w'^,wf), where {y^,v°') are defined in (||),(^), and 
= ^7 (here i = 1, 2; a = 1, 2, 3). (Note that there are functional dependencies 
among vf .) Then = 3, and the forms 9°' are given by the formula 

r = dv" - vtdy\ 

Proposition 3.8. For every r > max(rs,rcf) + 2, zj^^ is generated by 1-forms, 
I.e. there exist 0\ ..,0''" e r(Z^''^) n ^^^(M^'^^) such that for every oJ e r(Z^r') 

(24) uj = ^(F A aa + dT A^J where aa,]3^ G ^{Mj[^). 



(r) 

Proof. It suffices to prove this proposition in a small neighborhood in Mf, . Given 
the forms (Ell), define a G-invariant subbundle 



(25) P = Span{ «J*77' jf?'^ C T*Mi^^ 
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There are G-invariant decompositions 



The corresponding G-invariant projectors Pn ■ ^ T* M^^ — > p*T* M^^ have 
the following properties: 



(26) G p*(ri"(M^''-')) <;=^ PjjW = and w is G-invariant; 



(27) Lo is G-invariant =^ pnLo = p*uj for some uj G ri"(M^''-'); 

(28) P„i+«2(^l A ^^2) = (Pni^l) A (Pn2'^2) w« G 17"' (M^''^); 

(29) Pi(«)*77')=0 = l,..,dimG. 



Now assume that uj E TiTji^^) D fl"'{Mj.^^). Using Corollary ^7^, and the properties 
~6|)-(p9|) we conclude that 

p*UJ = PnP*UJ = 
/dim G 



\ i=l a=l / 

dim G qr 



a=l 

dim G / dim G g,. 



= E P2 E A a} + ^p*r A C Ap„_2ft + 

j=i \ j=i a=i y 

+ E(P*^" '^^"-1^" ^P"-2'^'^) = 

q,- / _ /dimG \ _ \ 

P*r Ap„_i ^ CAA-F7J +P*de" Apn-2Sa) ■ 



This together with the property ( p7| ) proves formula (|^. □ 

4. SYZYGIES of DIFFERENTIAL INVARIANTS AND THE PROOF OF THEOREM |l[ 

The following lemma originally appeared in the work of A. Tresse JTsI in the 
context of what was later called the jet spaces (See more recent treatment in Jl3t). 
It says that the differential invariants of any order are generated by taking total 
derivatives of finitely many differential invariants. The proof for the case of jet 
bundles is given in (Theorem 5.49 page 171). The proof for the case of an EDS 
of infinite type is completely analogous, and therefore omitted. 



ORBIT REDUCTION OF EDS 



15 



Lemma 4.1. Assume that the EDS £ is of infinite type, then for every 
r > max(rs,rcf) + 2 the differential invariants of order r are obtained by taking 
the total derivatives of the invariants of order 7' — 1 ; 

dv". 



where are local coordinates on , i — 1, ..^k , a = \, 



We may think of (y',w°,wf) as standard jet coordinates on J^Mj^ ^\ These 
coordinate functions give the mapping ti : M^!''' — > Jk-^'^k" -^^^^ lemma 

(r) 

imphes that li is an injective immersion of an open conuU subset of . The 
image A of li is a PDE system that can be described locally as a zero locus of 

functions Ai, G C°° {J^M^ ^''). These functions are sometimes called syzygies of 
differential invariants [ p^ . 

Proof of Theorem Let r > r^ = max(r5, ret) + 2. In some open neighborhood 



U C M^.'^-' consider the functions {y^,v'^,vf) as in Lemma 4.1. These coordinates 



define the embedding li : U ^ Jl{n^_iU). 

Since p~^{U) — > [/ is a principle G-bundle we may find another principle G- 
bundle pi : U — > Jl{n^_iU) together with the embedding ti : p~^(f7) ^ U such 
that we have the following commutative diagram: 

Pi 

(in fact we find U — > J^{Tt'^_iU) only over a certain tubular neighborhood of the 
image A of li). The image of the embedding Zi is the zero locus of the puUbacks 
of the functions A^. 

Consider the G invariant coframe {fj^ ,p\dy'^ ,p\dv°' Tp\dvf) on f/, where the forms 
fj^ are uniquely determined by the condition T{f}^ — ■K^^*r]K Denote the dual basis 

of vector fields on JJ by [Hj, gf^)- 

In order to construct the prolongation of Ej, we may consider the coordi- 
nates {Pi , Pi , Pi-^i^) in an open subset of the fiber oi J^U — > U such that each 
fc-dimensional P C TU is given as 

^ = Span..,..,,{ A +rf A +^^_^} 
(here we use the standard summation convention). 



Due to Corollary 3.7 the ideal T{2\^^) is algebraically generated by the forms 



{T^r,X''l' ' ^'^'^ "^^^ embedding p ^{U) ^ U induces the embedding 

JIP~^{IJ) ^ Jki^ 1 thus we may view m'^'^^'' as a submanifold of JlU . We may 
construct the prolongation of E^'^ as the prolongation of the ideal in Q.{U) gener- 
ated by the forms f}^ , 9°- = pl{dv°- - vfdy'), dd'^, and the functions plA^. Direct 
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calculation shows that this prolongation Mj^ ' ^ J^tj is, defined by the equations 

(30) PtA.-O, pt^A, = 0, 

(31) Pi=0, p^-< = 0, P?,,, -P^., =0. 

The prolonged ideal T{2^j^^'^^) is obtained as the restriction of the standard contact 
ideal on J^[/ to the zero locus of these functions, and is generated by the forms 
77', = - v'idy\ and = dvf - pf^^dy^^ . 

Due to their definition, the functions pl,Pi,Pi^i^ & C°°{J\U) are G-invariant, 
thus the equation s (pC|), ( |3l] ) can be pushed forward by pi, and the reduced EDS 

4''+^^ = (Af*;''+^\x[;+^^) is described by the following data: 
M^^^ - -f A - - On'' - 77" - W 



(here we used Proposition 3.8 to find X^'^'*'^-'). It is easy to see (Lemma ^.3[ ) that 
this is exactly the prolongation of PDE system defined by the syzygies A^, thus 



= (A, .JC«)« = (£«)« 

□ 



Example 4.1. Consider the example |2.5| . On the space J|R'^ we introduced the 
local coordinates {y^ , y"^ , , v'^ , v^) . Since = 2, all the higher order differential 
invariants are generated by the total derivatives of v"". Counting the dimensions 
shows that there are two functionally independent syzygies, namely 

(32) Ai=v^{v2-vl)+v^vl-v'^vl = 0, 

(33) A2 = v^{vI-vI)+v^vI-v\jI = 0. 



Theorem nl implies that for every r > 3 the reduced EDS S^^') — ( J^'M'^, C('')) i 



IS 



isomorphim to the (r — 3)-th prolongation (A'*" i*„2C^'' ^') of the PDE system 



A = {Ai = A2 = 0} A J,ii»5 



5. Reconstructing the solutions of the original EDS and the proof 

OF Theorem ^ 

Definition 5.1. Let C T* M he a suhhundle of the cotangent bundle. Denote 
hy J C f\T*M the ideal generated by . The EDS {M,J) is called Frobenius if 

dr(ji) c^(Jl)A^!H^^)• 
In this case the manifold M is foliated by fc = (dimilf — dim j72!^)-dimensional 
solutions of (M, J). 

~ (r) (r) 

Let S Mf, be a fc — dimensional solution of the reduced EDS S^. . Consider 
p-HS) ^ m\^\ Define J{S) = d i\T*p-^(S). 



*In order to fit everything into one coordinate chart we actually cut off certain closed subset 
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Proposition 5.2. Let r > max(rs,rcf) + 2, then the exterior differential system 
{p^^{S), JI{S)) is Frobenius . The solutions of this EDS are transversal to the orbits 
of the G-action, and form a foliation of codimension dimG. 

Proof Since is a solution of the reduced EDS, i*p*9'^ — 0. We can apply the 
mapping i* to the both sides of the equation and conclude that 

dimG 

Therefore the ideal J^{S) is algebraically generated by the l-forms {i* {^^r,,)*V''}■ 
^his proves that the EDS {p-'^{S), J{S)) is Frobenius. 

Let X e Mj^^\ At every point x e p^^ix) C p^^(5) the ideal Jx{S) is generated 
by its 1-form component 

J,l(5) = Span{^*«J*ry^(x)}f™«. 

The commutative diagram 

p-\S) 

i 



M^—p <^ 

where the horizontal rows are principal G-bundles, and the vertical rows are em- 
beddings, gives the following commutative diagram 




where the horizontal rows are exact, the leftmost vertical arrow is epimorphic, and 
Keri* C Imp*. It is easy to see that this implies that the rightmost vertical arrow 
is a bijection, thus d\mJl^{S) = dmiVx = dimG (here the subbundle V C T*Mj,^^ 
is defined in (|2^) ) . The transversality of the solutions and the group orbits follows 
from the decomposition T*p~''-{S) = Impg © Jx{S). □ 
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To prove Theorem |^ we need the following simple 

Lemma 5.3. Let p : B — > B be a principal G-bundle. Assume that there exists 
a G-invariant Frobenius EDS {B,J') such that dim^^,^ — dimG, and the leaves of 
the foliation defined by {B, J^) are transversal to the fibers of p. Then for every two 
connected leaves Si , S2 of this foliation there exists a group element g ^ G such 
that gSi — Si. 

Proof of Theorem |. For every Sr £ Solj;'S(4''\ G) the projection S = 

gQfcg/^(r) 

p(Sr) depends only on the equivalence class of Sr in ^ — — , and is 

G 



a fc-dimensional solution of the reduced EDS. Given a solution S £ Solfc(M^'^'') 
consider a fc-dimensional solution Sr ^ p^^(^) ^ ^^i'^'' of the Frobenius EDS 



(p ^{S), J'{S)). Proposition 5.2 implies that Sr is a regular fc-dimensional solution 



of £l[\ Lemma 5.3 impHes that a different choice of a solution of (p ^{S), J{S)) 



lies in the same equivalence class of the moduli space. This completes the proof. □ 

Remark 5.4. For every solution S of the reduced EDS the forms i*{7Tr^)*7f G 
ri^(p~^(.?)) define a flat connection in the principle bundle p^^(S^) — > S. Thus the 

(r) 

reconstruction of a solution Sr ^ Mj^ constitutes finding the parallel transport of 
a point in p~^(,§) w.r.t. this flat connection. In practical terms this means solving 
a sequence of k systems of ODEs. 

6. Proof of Theorem |3|, and computing the conservation laws of the 

syzygy equations. 

Let G be a Lie group acting on a manifold M. For every open subset U C J^M 
consider a G-invariant Vinogradov spectral sequence {Ep*,dp'^) corresponding to 
the differential ideal r(C(°°)) n n{U)'^ in n{U)^ . Denote by {E'/,d'/) the Vino- 
gradov spectral sequence |6| corresponding to the differential ideal r(C(°°)) in 
Vt(p(U)). The mapping p : J^M — > Jk^M induces the morphism of spectral 
sequences p* : Ep'^ EpK 

Lemma 6.1. The map p* induces an isomorphism of characteristic cohomology: 



Proof Since dp* - p*d = 0, and p*(C(°°)) C C^°^\ p* induces the mapping p* 



E''/^El'\ Due to Lemma 3.1 the mapping p* : E'q' — s-E'q' is an somorphism, 



thus the induced mapping in cohomology is also an isomorphism. □ 
The following theorem first was announced in the paper by I. Anderson, and 
J. Pohjanpelto for the special case when M = Mf' x W^, and the action of G is 
projectable w.r. t. the fibration R*^ x — ^ M''. It turns out that both these 
assumptions are superfluous. 

Theorem 6.2. For every open subset U C J^M , for every s > 1, and t ^ k the 

corresponding G-invariant Vinogradov spectral sequence Ep* satisfies 

Ef = 

The proof is done by constructing a G-invariant variant of Spencer cohomology, 
and proving that it vanishes for the free complex. The complete proof will be given 
elsewhere [pi. 
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Corollary 6.3. 

(34) E°{^ ~H\^{U)^,d), 0<t<k, 

^s,k _ H''+'{Q{Uf,d), 
where H*{Vl{U)'^ ^d) is the G-invariant deRham cohomology of U CZ J^M. 

Proof of Theorem ^ For every contractible U as in the theorem consider 
U = p^^{lJ) C J^M. Using Lemma 6.1, and Corollary 6.3 we conclude that for 
every t < k, E°{' ~ H\n{U)^,d). 

To prove (pi]), observe that for every r > Tq tt^U — > tt^U is a principal G- 
bundle with contractible base, therefore iJ*(ri(7rJ?°[/)*^, d) ~ H^id)- This implies 
that H\n(U)'^,d) c^i H\g), thus completing the proof. □ 

Now we would like to describe the practical algorithm for computing the repre- 
sentatives in the characteristic cohomology classes of the syzygy equations. 

The practical algorithm. 

1. We may identify /\g* with right-invariant differential forms on G. Therefore 
the basis oji,..ujn G 0^^/ H^{g) gives the closed forms uji in ilright-inv(G). For a 
given contractible subset U G J^f M choose a right moving frame |Q, i.e. a mapping 
p : U — > G, such that p{gz) — p{z)g'^^. The puUbacks uji — {n!^^)* p* iui represent 
the basis in Q^^l H\n{Uf,d). 

2. Using the G-invariant coframe {rf,dy\e''} in J*f2i(J[°"^M) we 
may rewrite each of the forms uji as uji — ujii^...i^^dy^^ A •■• A dj/'*' + r(C'^'°-'). 
It is easy to see that the function LOii-^...i^^ are G-invariant, thus we may consider 

the forms on the reduced jet space uji = LJu^...i^^dy^^ A • ■ • A dy^^i e fl*' M). 
These forms represent the basis of characteristic cohomology classes of £o, or us- 
ing different terminology, nontrivial conservation laws fl^ of the syzygy equations 
A, = 0. 

Example 6.1. Let us compute the nontrivial conservation laws for the syzygy 
equations A = {Ai = A2 = 0} Jj^R^ (IHlll) in the example |t]. The Lie 
algebra cohomology of M.^ is given by the generators dx^,dx^,du. The moving 
frame M'' — > M"^ is the multiplication by — 1 , thus the forms dx^,dx^,du represent 
the basis in H^{n{J^E.'^)^ ,d). Using the forms ri^,ri'^,if (^-(^ we can notice 
that 



du ^ y^dx^ + y'^dx^ +T{C^^'>). 



Therefore the forms 



1 

1 



UJ2 



[v'dy^ - v^dy'), 



(„3)2 

give the basis of nontrivial conservation laws for the syzygy equations 



UJ3 = y^uji + y'^uj2 
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7. Invariant Euler-Lagrange equations. 

Consider the increasing filtration Fi C F2 C • • • C iv„ = r(C(''°)) n n^{Jl°M), 
where 

«<')*r(c('-)) n ^\Jl"M). 

Outside of a certain set of zero measure F^- is a space of sections of a certain 
subbundle of T*JJ}'M. For each of these subbundles we can apply Lemma 3.5 (in 
a small neighborhood of every point), and find G-invariant contact forms fjf S 
f}i(J^°M)'^ nr(C(''°)) such that for each r < Spanliy^}"^^!;-''^ is a basis of F^+i. 

Denote by dy dy^ A • • • A dy'^ the horizontal volume on the reduced jet space. 
The following lemma gives the group-invariant version of the integration by parts 
used in the deducing the Euler-Lagrange equations. 

Lemma 7.1. For every fif , \I\ > there exist invariant total differential operators 
T^a'^^I'^W + ^^^^^ e C^iJfM) ), such that for every f e 

(35) 

(p7")fc"Ap*dy]o= Yl ip*Tri:m?: /\p*dy]o+di^''~'[x]o 

\I'\<\I\-,a' = l,..,q 



for some x £ (-f^|/|) A p*{C°°{J^M)dy). 

The proof is based on the same fact about the (noninvariant ) standard contact 
forms ef (0). 



Corollary 7.2. LetO'^ G r(C'°) be the generating 1-forms of the reduced ideal C'^^"^ 
Then there exist total differential operators 



(here r > ro ), 

0<|/|<ro-l ^ 

such that for every f £ C°°{J^M) 

(36) p*[r A fdy], = j2iP*^af W A P*dy]o + 4'""' Mo, 

a=l 

for some [x]o G Eq'''^^ , where {'fi"}a=i....q o,i"e the basis of forms in Fi. 

Proof of Theorem ^ Le t [A]i be a G-invariant variational problem, then there 
exists A = Ldy G i}''{Jj^M) such that [p*A]i = [A]i. Using the above corollary we 
conclude that 

(37) ^■'=[A]i =<'-[p*Zrfy]i =p*d;''-[ZdA]i =p*[^^a(L)r Ad2/]i = 



= E (p*Eio(K(L)) I r Ap*djy]i - (p*iSK(L)) ^c2-r' Adx]i 
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where 6*" G r{C'-^^) are the standard contact forms corresponding to the choice of 
focal coordinates on M, 77" — c",0°' , and p*dy — ^dx. Since the matrix 

(^c^,) is nondegenerate the formulas @, and imply @. □ 



Remark. Since the functions (^c^/) depend only on the choice of the horizontal 
volumes, and the basis of contact forms , the equality (^7|) implies that for every 
a = l,-.,q the function Y^1^=i ^ai^ai^)) does not depend on the choice of the 
Lagrangian Li used in the definition ( formula (|l5| ) ) of Ea{L). 

Now we would like to describe the practical algorithm of computing the 
operators A'^. 

The practical algorithm. 

1. We can compute the forms fjf by applying the moving frame construction 



(described in the proof of Lemma 3.5 ) consecutively to each of the subbundles 
(<°)*CWi C T*Jl"M. 

2. For every r, Q <r < ro consider the system of equations 

(/', a', i') dl^'-'ivf, A i,,]o = Yl P*(f?'^M A dy]o + Yl P*(//''i")fc"' A dy]o 

/|=r+l \I"\<r 

indexed by the triples (/', a', i') such that |/'| = r, i — 1, ...k, a — 1, .., 9 
( here = p*{dy^ A • • • A dy'-^ A dy'+^ A • • • A dy''), and /V £ C°°(j^M) ). 
Due to Lemma 7.1 we can always find a solution { [77" A dy]o of this linear 

overdetermined (if fc > 1 ) system of equations and then using the Leibniz rule 
compute the operators Tf/, (H)- 

3. We can rewrite the forms p*^" S (Fr^)'-^ as a linear combination (over the ring 



C°°{J^M) ) of the forms fjf. Consecutively using the formula (35) we obtain the 
operators A"^ (||) . 

Example 7.1. Consider the ( nonprojectable ) action of the group of Euclidean 
motions G — SE(2) on M = E^. Introduce the standard jet coordinates (a;, u, ui, M2, . 
on Jf°M^. The Euclidean curvature k = ^2(1 + "i)"'^^^, and its derivative with 
respect to the arclength Kg — 1*3(1 + uf)^'^ — 3^1^2(1 + w?) provide the local 
coordinates y = k, u = Ks on the reduced jet space JfR'^. Here ro = 4, and the 
reduced EDS = (j4]r2 (j(4)) isomorphic to the first jet space of curves: 
f(^) = {JlM.'^y < dv — vidy >). Thus the reduced infinite jet space is again 

the infinite jet space of curves [] in M^. In particular the reduced Euler-Lagrange 
operators ( p^ coinside with the usual ones in J^M^. 

Let {ci,C2,(f>) be the coordinates on the group SE(2) such that the action on 

= C is given by the formula 

(ci, C2, (j)){x + hi) = e^^{x + iu) + Ci + ic2. 
We can use the right moving frame p : J^M? — > SE(2), 

, X + UUi XUi - M ^ -1 X 

p{x,u,ui) = (ci,C2,0) = ( , ,^^=,-tan m) 



^In fact it is true for any group action on M?. 
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to pull back the right Maurer-Cartan forms 

fj,^ = d(j), — dci + C2d(j), /i^ — dc2 — Cid(t), 
and obtain the basis 



1,2,3 



of invariant 1-forms in Q^{ J^'R'^)'^ /p*fl^{ J^M?). Using the procedure given in the 
proof of Lemma U we obtain the filtered basis in r{C^*^) (1 n^{jfR'^)°: 

(here y = k, v — Ks, and Oq = dv — vidy ) . The table of horizontal differentiation 



-fji Ady 

V 







jl.Or- 1 



— dy A 7]Q + -dy A 772 

V V 







allows us to compute the operators T in the formula (p5 



Vi , _ , , 1 , ^- 
— «y A 772 + ydy A 770 + -dy Ap Oq 

V V 



-p.,2„./ + „fi)feAp.,,,,-p.,„„/,B„.p.<i,l. 

dy 

dy 

(r/)K,Ap-*K^p-(.,/>4)i*Ap-*i., 

dy 

therefore the operator A is computed by composing the operators T: 



A: 



dy 



(vi+v—) +y ]{2vi+v—)-vy 



dy' 



and the Euler-Lagrange system of every invariant variational problem 

Ldx = Ldy + r(C(°°)) is the lift of the equation A)^^) = on 

the reduced jet space. 



Acknowledgments: The author would like to thank Ian Anderson, Mark Pels, 
Irina Kogan, and Peter Olver for interesting discussions on the subject. 
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